On the Fontaine-Mazur Conjecture for CM-Fields by Wingberg, Kay
On the Fontaine-Mazur Conjeture for
CM-Fields
by Kay Wingberg at Heidelberg
In [3℄ Fontaine and Mazur onjeture (as a onsequene of a general priniple)
that a number eld k has no innite unramied Galois extension suh that its
Galois group is a p-adi analyti pro-p-group. A ounter-example to this onje-
ture would produe an unramied Galois representation with innite image, that
ould not \ome from geometry". Some evidene for this onjeture is shown in
[1℄ and [4℄.
Sine every p-adi analyti pro-p-group ontains an open powerful resp. uni-
form subgroup one is led to the question whether a given number eld possesses an
innite unramied Galois p-extension with powerful resp. uniform Galois group.
With regard to this problem, we would like to mention the main result of Boston,
[1℄ theorem 1:
Let p be a prime number and let kjk
0
be a nite yli Galois extension
of degree prime to p suh that p does not divide the lass number of k
0
.
Then, if the Galois group G(M jk) of an unramied Galois p-extension
M of k is powerful, it is nite.
In this paper we will prove a statement whih is in some sense weaker as the
above and in another sense stronger (and in view of the general onjeture very
weak):
Let p be odd and let k be a CM-eld with maximal totally real subeld
k
+
ontaining the group 
p
of p-th roots of unity. Let M = L(p) be
the maximal unramied p-extension of k. Assume that the p-rank of
the ideal lass group Cl(k
+
) of k
+
is not equal to 1. Then, if the
Galois group G(L(p)jk) is powerful, it is nite.
If the p-rank of Cl(k
+
) is equal to 1, we have two weaker results. First, replaing
the word powerful by uniform and assuming that the rst step in the p-ylotomi
tower of k is not unramied, then the statement above holds without any ondi-
tion on Cl(k
+
). Seondly, we onsider the onjeture in the p-ylotomi tower
of the number eld k. Denote the n-th layer of the ylotomi ZZ
p
-extension k
1
1
of k by k
n
and let G(L
n
(p)jk
n
) be the Galois group of the maximal unramied
p-extension L
n
(p) of k
n
. Then the following statement holds.
Let p
=
2 and let k be a CM-eld ontaining 
p
. Assume that the
Iwasawa -invariant of k
1
jk is zero. Then there exists a number
n
0
suh that for all n

n
0
the following holds: If the Galois group
G(L
n
(p)jk
n
) is powerful, then it is nite.
Let S be a set of primes of k ontaining the set S
1
of arhimedean primes
and assume that no prime of S split in the extension kjk
+
. Then all the results
above hold, if we replae the eld L(p) by the maximal unramied p-extension
L
S
(p) whih is ompletely deomposed at all primes in S and the ideal lass group
Cl(k
+
) by the S-ideal lass group Cl
S
(k
+
) of k
+
.
Of ourse, our main interest is the onjeture for general p-adi analyti
groups. We will prove the following result.
Let p
=
2 and let k be a CM-eld ontaining 
p
with maximal totally
real subeld k
+
and assume that 
p

=
k
+
p
for all primes p of k
+
above p.
Then, if G(L
k
(p)jk) is p-adi analyti, G(L
k
+
(p)jk
+
) is nite.
Unfortunately, we do not have Boston's result for general analyti pro-p-
groups. Otherwise, in the situation above it would follow that G(L
k
(p)jk) is
not an innite p-adi analyti group.
1 A duality theorem
We use the following notation:
p is a prime number,
k is a number eld,
S
1
is the set of arhimedean primes of k;
S is a set of primes of k ontaining S
1
;
E
S
(k) is the group of S-units of k;
Cl
S
(k) is the S-ideal lass group of k;
L
S
is the maximal unramied extension of k
whih is ompletely deomposed at S;
L
S
(p) is the maximal p-extension of k inside L
S
;
L is the maximal unramied extension of k;
L(p) is the maximal p-extension of k inside L:
We write E(k) for the group E
S
1
(k) of units of k and Cl(k) for the ideal lass
group Cl
S
1
(k) of k. Obviously,
L = L
S
1
; if k is totally imaginary,
L(p) = L
S
1
(p); if p
=
2 or k totally imaginary.
2
If K is an innite algebrai extension of Q, then E
S
(K) = lim
 !
k
E
S
(k) where
k runs through the nite subextensions of K.
For a pronite group G, a disrete G-module M and any integer i the i-th
Tate ohomology is dened by
^
H
i
(G;M) = H
i
(G;M) for i

1 and
^
H
i
(G;M) = lim
  
U;def
^
H
i
(G=U;M
U
) for i

0;
where U runs through all open normal subgroups of G and the transition maps
are given by the deation, see [7℄.
Theorem 1.1 Let S be a set of primes of k ontaining S
1
. Then the following
holds:
(i) There are anonial isomorphisms
^
H
i
(G(L
S
jk); E
S
(L
S
))

=
^
H
2 i
(G(L
S
jk);Q=ZZ)
_
for all i
2
ZZ. Here
_
denotes the Pontryagin dual.
(ii) There are anonial isomorphisms
^
H
i
(G(L
S
(p)jk); E
S
(L
S
(p)))

=
^
H
2 i
(G(L
S
(p)jk);Q
p
=ZZ
p
)
_
for all i
2
ZZ.
Proof: Let C
S
(L
S
) be the S-idele lass group of L
S
. The subgroup C
0
S
(L
S
)
of C
S
(L
S
) given by the ideles of norm 1 is a level-ompat lass formation for
G(L
S
jk) with divisible group of universal norms. From the duality theorem of
Nakayama-Tate we obtain the isomorphisms
^
H
i
(G(L
S
jk); C
S
(L
S
))

=
^
H
2 i
(G(L
S
jk);ZZ)
_
; i
2
ZZ;
sine
^
H
i
(G(L
S
jk); C
S
(L
S
))

=
^
H
i
(G(L
S
jk); C
0
S
(L
S
)), see [7℄ proposition 4.
Let Kjk be a nite Galois extension inside L
S
. From the exat sequene
0 !E
S
(K) !J
S
(K) !C
S
(K) !Cl
S
(K) ! 0;
where J
S
(K) denotes the group of S-ideles of K, whih is a ohomologial trivial
G(Kjk)-module (Kjk is ompletely deomposed at S), we obtain isomorphisms
^
H
i+1
(G(Kjk); E
S
(K))

=
^
H
i
(G(Kjk); D(K));
where D(K) denotes the kernel of the surjetion C
S
(K)  Cl
S
(K), and a long
exat sequenes
 !
^
H
i
(G(Kjk); D(K)) !
^
H
i
(G(Kjk); C
S
(K)) !
^
H
i
(G(Kjk); Cl
S
(K)) ! :
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If K
0
is the maximal abelian extension of K in L
S
, then G(L
S
jK
0
) is an open sub-
group of G(L
S
jK) by the niteness of the lass number of K. The ommutative
diagram
 
norm

re

re

an
G(L
S
jK)
ab
G(L
S
jK
0
)
ab
Cl
S
(K)Cl
S
(K
0
)
shows, sine an is the zero map, that
Cl
S
(K
0
)
norm
 ! Cl
S
(K)
is trivial. It follows that
lim
  
K
^
H
i
(G(Kjk); Cl
S
(K)) = 0 for i

0:
Sine all groups in the exat sequene above are nite, we an pass to the pro-
jetive limit and we obtain isomorphisms
lim
  
K
^
H
i
(G(Kjk); D(K))

=
^
H
i
(G(L
S
jk); C
S
(L
S
)) for i

0;
and therefore isomorphisms
^
H
i+1
(G(L
S
jk); E
S
(L
S
))

=
^
H
i
(G(L
S
jk); C
S
(L
S
)) for i

 1:
The last assertion also holds for i = 0: from the ommutative diagram

Æ

Æ

def

H
1
(G(Kjk); E
S
(K));
^
H
0
(G(Kjk); D(K))
H
1
(G(K
0
jk); E
S
(K
0
))
^
H
0
(G(K
0
jk); D(K
0
))
where k

K

K
0
are nite Galois extensions inside L
S
, it follows that the limit
lim
  
K
H
1
(G(Kjk); E
S
(K)) exists. Sine
H
1
(G(Kjk); E
S
(K))

H
1
(G(L
S
jk); E
S
(L
S
))

=
Cl
S
(k)
and
lim
  
K
^
H
0
(G(Kjk); D(K))

=
^
H
0
(G(L
S
jk); C
S
(L
S
))

=
H
2
(G(L
S
jk);ZZ)
_

=
H
1
(G(L
S
jk);Q=ZZ)
_
= G(L
S
jk)
ab

=
Cl
S
(k);
the projetive limit lim
  
K
H
1
(G(Kjk); E
S
(K)) beomes stationary and is equal to
H
1
(G(L
S
jk); E
S
(L
S
)).
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For i

1 the exat sequene
0 !E
S
(L
S
) !J
S
(L
S
) !C
S
(L
S
) ! 0
indues isomorphisms
H
i
(G(L
S
jk); C
S
(L
S
))

=
H
i+1
(G(L
S
jk); E
S
(L
S
)):
Putting all together, we obtain anonial isomorphisms
^
H
i+1
(G(L
S
jk); E
S
(L
S
))

=
^
H
2 i
(G(L
S
jk);ZZ)
_

=
^
H
1 i
(G(L
S
jk);Q=ZZ)
_
for all i
2
ZZ. The proof for the eld L
S
(p) is analogously. 2
Let k be a number eld of CM-type with maximal totally real subeld k
+
and
let  = G(kjk
+
) = hi

=
ZZ=2ZZ. If p
=
2, we put as usual
M

= (1 )M
for a ZZ
p
[℄-module M . For a ZZ
p
-module N let
p
N = fx
2
N j px = 0g.
Corollary 1.2 Let p be an odd prime number and let k be a CM-eld. Let S be
a set of primes of k ontaining S
1
and assume that no prime of S split in the
extension kjk
+
. Then
dim
IF
p
p
H
2
(G(L
S
(p)jk);Q
p
=ZZ
p
)
 

Æ;
where Æ is equal to 1 if k ontains the group 
p
of p-th roots of unity and otherwise
equal to 0.
Proof: By proposition 1.1, there is a -invariant surjetion
E
S
(k)
^
H
0
(G(L
S
(p)jk); E
S
(L
S
(p)))

=
H
2
(G(L
S
(p)jk);Q
p
=ZZ
p
)
_
and so a surjetion
(E
S
(k)=p)
 
 (
p
H
2
(G(L
S
(p)jk);Q
p
=ZZ
p
)
 
)
_
:
Sine no prime of S splits in the extension kjk
+
, we have (E
S
(k)=p)
 

=

p
(k)
whih gives us the desired result. 2
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2 Powerful pro-p-groups with involution
Let p be a prime number. For a pro-p-group G the desending p-entral series
is dened by
G
1
= G; G
i+1
= (G
i
)
p
[G
i
; G℄ for i

1:
If a group 

=
ZZ=2ZZ ats on G and p is odd, then we dene
d(G)

= dim
IF
p
(G=G
2
)

= dim
IF
p
H
1
(G;ZZ=pZZ)

:
The following proposition also follows from Boston result (resp. its proof),
but in our situation, where only an involution ats on G, we will give a simple
proof.
Proposition 2.1 Let p
=
2 and let G be a nitely generated powerful pro-p-group
with an ation by the group 

=
ZZ=2ZZ. Then the following holds:
If d(G)
+
= 0, then G is abelian.
In partiular, if d(G)
+
= 0 and G
ab
is nite, then G is nite.
Proof: Sine G is powerful, we have
[G;G℄=H

G
p
H=H where H = ([G;G℄)
p
[G;G;G℄:
From G=G
2
= (G=G
2
)
 
it follows that
[G;G℄=H = ([G;G℄=H)
+
and G
p
H=H = (G
p
H=H)
 
;
sine G=[G;G℄ = (G=[G;G℄)
 
and G
p
= fx
p
j x
2
Gg, [2℄ theorem 3.6(iii), and so
(x
p
)

 x
 p
mod H for 1
=

2
 and x
2
G:
We obtain
[G;G℄

([G;G℄)
p
[G;G;G℄:
This implies [G;G℄ = 1. 2
Proposition 2.2 Let p
=
2 and let G be a nitely generated powerful pro-p-group
with an ation by the group 

=
ZZ=2ZZ. Assume that G
ab
is nite. Then the
following inequalities hold:
(i) d(G)
+
 d(G)
 

d(G)
 
+ dim
IF
p
p
H
2
(G;Q
p
=ZZ
p
)
 
,
(ii)

d(G)
+
2

+

d(G)
 
2


d(G)
+
+ dim
IF
p
p
H
2
(G;Q
p
=ZZ
p
)
+
.
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Proof: Let d

= d(G)

. From the exat sequenes
0 !H
1
(G=G
2
;ZZ=pZZ)  !

H
1
(G;ZZ=pZZ) !H
1
(G
2
;ZZ=pZZ)
G
 !H
2
(G=G
2
;ZZ=pZZ) !H
2
(G;ZZ=pZZ)
and
0 !(
p
G
ab
)
_
 !H
2
(G;ZZ=pZZ) !
p
H
2
(G;Q
p
=ZZ
p
) ! 0
we obtain the inequalities
dim
IF
p
H
2
(G=G
2
;ZZ=pZZ)


dim
IF
p
(G
2
=G
3
)

+ d

+ dim
IF
p
p
H
2
(G;Q
p
=ZZ
p
)

:
Here we used dim
IF
p
(
p
G
ab
)

= d

whih holds by the niteness of G
ab
. Sine G
is powerful, the -invariant homomorphism

p
G
2
=G
3
G=G
2
is surjetive, see [2℄ theorem 3.6, and we obtain
dim
IF
p
H
2
(G=G
2
;ZZ=pZZ)


2d

+ dim
IF
p
p
H
2
(G;Q
p
=ZZ
p
)

:
Let
G=G
2

=
A
1
     A
d
+
 B
1
     B
d
 
be a -invariant deomposition into yli groups of order p suh that A
i
=
A
+
i
and B
j
= B
 
j
. For H
2
(G=G
2
;ZZ=pZZ) we obtain the -invariant Kunneth
deomposition:
H
2
(G=G
2
;ZZ=pZZ)

=
d
+
M
i=1
H
2
(A
i
;ZZ=pZZ)

M
i<j
H
1
(A
i
;ZZ=pZZ)
H
1
(A
j
;ZZ=pZZ)

M
i<j
H
1
(B
i
;ZZ=pZZ)
H
1
(B
j
;ZZ=pZZ)

d
 
M
i=1
H
2
(B
i
;ZZ=pZZ)

M
i;j
H
1
(A
i
;ZZ=pZZ)
H
1
(B
j
;ZZ=pZZ):
Counting dimensions yields
dim
IF
p
H
2
(G=G
2
;ZZ=pZZ)
+
= d
+
+

d
+
2

+

d
 
2

;
dim
IF
p
H
2
(G=G
2
;ZZ=pZZ)
 
= d
 
+ d
+
d
 
:
This proves the proposition. 2
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Now we analyze the ase where G is a powerful pro-p-group whih is a Poinare
group of dimension 3.
Proposition 2.3 Let p be odd and let P be a nitely generated powerful pro-p-
group with an ation of 

=
ZZ=2ZZ.
(i) If P is uniform, then
dim
IF
p
H
2
(P;ZZ=pZZ)
+
=

d(P )
+
2

+

d(P )
 
2

;
dim
IF
p
H
2
(P;ZZ=pZZ)
 
= d(P )
+
 d(P )
 
:
(ii) If P is uniform suh that P
ab
is nite and d(P )
+
= 1, then
dim
IF
p
p
H
2
(P;Q
p
=ZZ
p
)
 
= 0:
(iii) If P is a Poinare group of dimension 3 suh that P
ab
is nite, then
d(P )
+
= 1 and d(P )
 
= 2 or
d(P )
+
= 3 and d(P )
 
= 0:
Proof: Let P be uniform. By [2℄ denition 4.1 and theorem 4.26, we have
dim
IF
p
(H
1
(P
2
;ZZ=pZZ)
P
)

= d(P )

and dim
IF
p
H
2
(P;ZZ=pZZ) =
 
d(P )
2
!
:
Counting dimensions shows that
dim
IF
p
H
2
(P=P
2
;ZZ=pZZ) = dim
IF
p
H
1
(P
2
;ZZ=pZZ)
P
+ dim
IF
p
H
2
(P;ZZ=pZZ);
and so the sequene
0 !H
1
(P
2
;ZZ=pZZ)
P
 !H
2
(P=P
2
;ZZ=pZZ) !H
2
(P;ZZ=pZZ) ! 0
is exat. Therefore
dim
IF
p
H
2
(P;ZZ=pZZ)

= dim
IF
p
H
2
(P=P
2
;ZZ=pZZ)

  dim
IF
p
(H
1
(P
2
;ZZ=pZZ)
P
)

;
whih proves (i).
If P
ab
is nite and d(P )
+
= 1, then by (i)
dim
IF
p
p
H
2
(P;Q
p
=ZZ
p
)
 
= dim
IF
p
H
2
(P;ZZ=pZZ)
 
  dim
IF
p
(
p
P
ab
)
 
= d(P )
+
 d(P )
 
  d(P )
 
= 0:
Now let P be a powerful Poinare group of dimension 3; in partiular, P is
torsionfree and therefore P is uniform, see [2℄ theorem 4.8. Sine
dim
IF
p
H
1
(P;ZZ=pZZ) = dim
IF
p
H
2
(P;ZZ=pZZ)
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and sine P
ab
is nite, the exat sequene
0 !(
p
P
ab
)
_
 !H
2
(P;ZZ=pZZ) !
p
H
2
(P;Q
p
=ZZ
p
) ! 0
shows that
(
p
P
ab
)
_
 !

H
2
(P;ZZ=pZZ):
It follows that
dim
IF
p
H
2
(P;ZZ=pZZ)

= d(P )

;
and so by (i)
d(P )
+
 d(P )
 
= d(P )
 
:
This proves (iii). 2
3 On the Fontaine-Mazur Conjeture
We keep the notation of setions 1 and 2. Let
d

k
= dim
IF
p
(Cl(k)=p)

= d(G(L(p)jk))

:
Theorem 3.1 Let p be an odd prime number and let k be a CM-eld suh that
(i) d
 
k
=
0, if 
p

=
k,
(ii) d
+
k
=
1.
Then, if the Galois group G(L(p)jk) of the maximal unramied p-extension L(p)
of k is powerful, it is nite.
Proof: If d
+
k
= 0, then the theorem follows from proposition 2.1. Therefore
we assume that d
+
k

2 (assumption (ii)). From assumption (i) and Leopoldt's
Spiegelungssatz, see [8℄ theorem 10.11, it follows that d
 
k

1. From proposition
2.2 and orollary 1.2 we obtain the inequality
d
+
k
d
 
k

d
 
k
+ Æ:
It follows that d
+
k
= 2, d
 
k
= 1.
Let P = G(L(p)jk)
i
, i large enough. Then P is uniform, [2℄ theorem 4.2,
and d(P )

3, [2℄ theorem 3.8. Furthermore, if P is non-trivial, then P is a
Poinare group of dimension dim(P ) = d(P )

3, see [5℄ hap.V theorem (2.2.8)
and (2.5.8). But Poinare groups of dimension dim(P )

2 have the group ZZ
p
as homomorphi image, and so we an assume that dim(P ) = d(P ) = 3. Sine
G(L(p)jk) is powerful, we have a surjetion
G(L(p)jk)=G(L(p)jk)
2
 G(L(p)jk)
i
=G(L(p)jk)
i+1
:
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Furthermore, by [2℄ theorem 3.6(ii), G(L(p)jk)
i+1
= (G(L(p)jk)
i
)
2
= P
2
, and so
G(L(p)jk)
i
=G(L(p)jk)
i+1
= P=P
2
. Therefore d(P )
+
= 2 and d(P )
 
= 1. Now
the result is a onsequene of proposition 2.3(iii). 2
If 
p

k, then d
+
k
= 1 is the only remaining ase. Here we only get a weaker
result. Let k
1
be the ylotomi ZZ
p
-extension of k and denote by k
n
the n-th
layer of k
1
jk.
Theorem 3.2 Let p
=
2 and let k be a CM-eld ontaining 
p
. Assume that
k
1
jk is not unramied if d
+
k
= 1. Then the Galois group G(L(p)jk) of the maximal
unramied p-extension L(p) of k is not uniform.
Proof: Suppose that G = G(L(p)jk) is uniform. Using theorem 3.1, we may
assume that d(G)
+
= 1, and so, by proposition 2.3(ii),
dim
IF
p
p
H
2
(G;Q
p
=ZZ
p
)
 
= 0:
On the other hand, by theorem 1.1, we have a surjetion
H
2
(G;Q
p
=ZZ
p
)
_

=
^
H
0
(G;E
L(p)
)
^
H
0
(G(Kjk); E
K
)
where Kjk is a nite unramied Galois p-extension of CM-elds (reall that
d(G)
+
=
0), and so a surjetion
(H
2
(G;Q
p
=ZZ
p
)
 
)
_

^
H
0
(G(Kjk); E
K
)
 
:
Sine K is of CM-type, it follows that
^
H
0
(G(Kjk); E
K
)
 

=
^
H
0
(G(Kjk); (K)(p)):
By our assumption, K is disjoint to k
1
, i.e. (K)(p) = (k)(p), and so
dim
IF
p
^
H
0
(G(Kjk); (K)(p)) = 1:
It follows that
dim
IF
p
p
H
2
(G;Q
p
=ZZ
p
)
 
= 1:
This ontradition proves the theorem. 2
Now we onsider the Galois groups G(L
n
(p)jk
n
) of the maximal unramied
p-extension L
n
(p) of k
n
in the p-ylotomi tower of k.
Theorem 3.3 Let p
=
2 and let k be a CM-eld ontaining 
p
. Assume that the
Iwasawa -invariant of the ylotomi ZZ
p
-extension k
1
jk is zero.
Then there exists a number n
0
suh that for all n

n
0
the following holds:
If the Galois group G(L
n
(p)jk
n
) is powerful, then it is nite.
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Proof: Let
1 !G
1
 !G(L
1
(p)jk) !   ! 1
where G
1
= G(L
1
(p)jk
1
) is the Galois group of the maximal unramied p-
extension L
1
(p) of k
1
and   = G(k
1
jk) = hi. Let  
n
= h
p
n
i, n

0, be the
open subgroups of   of index p
n
. By our assumption on the Iwasawa -invariant
G
1
is a nitely generated pro-p-group.
Let n
1
be large enough suh that all primes of k
n
1
above p are totally ramied
in k
1
jk
n
1
and let h
j
i

G(k
1
jk
n
1
), j = 1; : : : ; s, be the inertia groups of some
extensions of the nitely many primes p
1
; : : :p
s
of k
n
1
above p.
For n

n
1
let
M
n
= (
p
n n
1
j
; j = 1; : : : ; s)

G(L
1
(p)jk
n
)
be the normal subgroup generated by all onjugates of the elements 
p
n n
1
j
and
N
n
:=M
n
\G
1
= (
p
n n
1
i

 p
n n
1
j
; [
p
n n
1
j
; g℄; i; j = 1; : : : ; s; g
2
G
1
):
Then the ommutative exat diagram
	
Æ
1 
n
G(L
1
(p)jk
n
)G
1
1
1 
n
M
n
N
n
1
shows that
G
1
=N
n

=
G(L
n
(p)jk
n
)
and we have anonial surjetions
G
1
 G(L
m
(p)jk
m
) G(L
n
(p)jk
n
)
for m

n

n
1
.
Let n
0

n
1
be large enough suh that
G
1
=(G
1
)
3
 !

G(L
n
(p)jk
n
)=(G(L
n
(p)jk
n
))
3
for all n

n
0
, i.e.
G(L
1
(p)jk
n
)=(G
1
)
3
= G
1
=(G
1
)
3
  
n

=
G(L
n
(p)jk
n
)=(G(L
n
(p)jk
n
))
3
  
n
:
Then h
p
n n
1
j
i ats trivially on G
1
=(G
1
)
3
for all j

s and N
n
is ontained in
(G
1
)
3
.
Suppose that G(L
n
(p)jk
n
), n

n
0
, is powerful. Then
[G
1
; G
1
℄

(G
1
)
p
N
n
:
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By assumption on n
0
the group N
n
is ontained in (G
1
)
3
, and so
[G
1
; G
1
℄

(G
1
)
p
[G
1
; [G
1
; G
1
℄℄:
From this inlusion it follows that
[G
1
; G
1
℄

(G
1
)
p
;
thus G
1
is powerful.
Using proposition 2.1, we an assume that
d
+
k
n
= dim
IF
p
(Cl(k
n
)=p)
+

1:
Let Kjk
n
be an unramied Galois extension of degree p suh that G(Kjk
n
) =
G(Kjk
n
)
+
. Beause of our denition of n
1
the eld K is not ontained in k
1
and
G(L
1
(p)jK
1
) is a normal subgroup of G(L
1
(p)jk
1
) of index p. Using results of
Iwasawa theory, [6℄ (11.4.13) and (11.4.8), we obtain
d(G(L
1
(p)jK
1
))
 
= p(d(G(L
1
(p)jk
1
))
 
  1) + 1:
From [2℄ theorem 3.8 and the equality above it follows that
d(G(L
1
(p)jk
1
))
+
+ d(G(L
1
(p)jk
1
))
 
= d(G(L
1
(p)jk
1
))

d(G(L
1
(p)jK
1
))
= d(G(L
1
(p)jK
1
))
+
+ d(G(L
1
(p)jK
1
))
 
= d(G(L
1
(p)jK
1
))
+
+ p(d(G(L
1
(p)jk
1
))
 
  1) + 1:
The maximal quotient G(L
1
(p)jk
1
)

of G(L
1
(p)jk
1
) with trivial ation of  is
also powerful and we have d(G(L
1
(p)jk
1
)

) = d(G(L
1
(p)jk
1
))
+
. Using again
[2℄ theorem 3.8, we get
d(G(L
1
(p)jk
1
))
+

d(G(L
1
(p)jK
1
))
+
:
Both inequalities together imply
d(G(L
1
(p)jk
1
))
 

1:
Using [6℄ (11.4.4), we nally obtain
d(G(L
1
(p)jk
1
))
+
; d(G(L
1
(p)jk
1
))
 

1:
It follows that G(L
n
(p)jk
n
) is a powerful pro-p-group with d(G(L
n
(p)jk
n
))

2. If
G(L
n
(p)jk
n
) is not nite, then it ontains an open subgroup P whih is a Poinare
group (see [5℄ hap.V theorem (2.2.8) and (2.5.8)) of dimension dimP = d(P )

2
12
(use again [2℄ theorem 3.8). But these groups have the group ZZ
p
as homomorphi
image. By the niteness of the lass number it follows that G(L
n
(p)jk
n
) is nite.
2
Remark: The theorems 3.1, 3.2 and 3.3 above hold, if we replae L(p) by L
S
(p)
and Cl by Cl
S
where S

S
1
is a set of primes whih do not split in the extension
kjk
+
.
Now we onsider the onjeture for general p-adi analyti groups. Let
1 !D !G  !G ! 1
be an exat sequene of pro-p-groups. For an open normal subgroup H of G we
denote the pre-image of H in G by H. Thus we get a ommutative exat diagram

1:HHD1
1GGD1
Proposition 3.4 With the notation as above assume that
(i) G is nitely generated and d
p
G

2,
(ii) d
p
G <1,
(iii) the Euler-Poinare harateristi of G is zero, i.e.
(G) =
2
X
i=0
( 1)
i
dim
IF
p
H
i
(G;ZZ=pZZ) = 0 :
Then
d(H) is unbounded for varying open normal subgroups H of G or d
p
G

2.
Proof: Suppose that dim
IF
p
H
1
(H;ZZ=pZZ) is bounded for varying H. Sine
(G) = 0, the same is true for dim
IF
p
H
2
(H;ZZ=pZZ). It follows that H
i
(D;ZZ=pZZ)
is nite for i = 1; 2. By [6℄ proposition (3.3.7), we obtain
d
p
G = d
p
G+ d
p
D

d
p
G:
This proves the proposition. 2
As an appliation to our problem we get the following result for the maximal
unramied p-extension L
k
(p) of a number eld k.
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Theorem 3.5 Let p
=
2 and let k be a CM-eld ontaining 
p
with maximal
totally real subeld k
+
. Assume that 
p

=
k
+
p
for all primes p of k
+
above p.
Then the following holds:
either (i) G(L
k
+
(p)jk
+
) is nite,
or (ii) G(L
k
(p)jk) is not p-adi analyti,
with other words, if G(L
k
(p)jk) is p-adi analyti, then G(L
k
+
(p)jk
+
) is nite.
Proof: Suppose that (i) and (ii) do not hold. Then the maximal quotient
G(L
k
+
(p)jk
+
) of the p-adi analyti group G(L
k
(p)jk) with trivial ation by  =
G(kjk
+
) is an innite analyti group. Passing to a nite extension of k
+
, we
may assume that G(L
k
+
(p)jk
+
) is uniform (our assumptions on k are still valid).
The dimension of G(L
k
+
(p)jk
+
) is greater or equal to 3, sine otherwise it would
have the group ZZ
p
as quotient whih is impossible by the niteness of the lass
number.
If k
+
S
p
(p) is the maximal p-extension of k
+
whih is unramied outside p,
then d
p
G(k
+
S
p
(p)jk
+
)

2 and (G(k
+
S
p
(p)jk
+
)) = 0, see [6℄ (8.3.17), (8.6.16) and
(10.4.8). Applying proposition 3.4, we obtain that
dim
IF
p
H
1
(G(k
+
S
p
(p)jK
+
);ZZ=pZZ) = dim
IF
p
H
1
(G(k
S
p
(p)jK
+
(
p
));ZZ=pZZ)
+
is unbounded, if K
+
varies over the nite Galois extension of k
+
inside L
k
+
(p).
By [6℄ theorem (8.7.3) and the assumption that 
p

=
k
+
p
for all primes pjp, it
follows that
dim
IF
p
Cl(K
+
(
p
))=p

dim
IF
p
(Cl
S
p
(K
+
(
p
))=p)
 
= dim
IF
p
H
1
(G(k
S
p
(p)jK
+
(
p
));ZZ=pZZ)
+
  1
is unbounded for varying K
+
inside L
k
+
(p) and therefore G(L
k
(p)jk) is not p-adi
analyti. This ontradition proves the theorem. 2
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